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RIGIDITY OF MAPPING CLASS GROUP ACTIONS ON S1
KATHRYN MANN AND MAXIME WOLFF
Abstract. The mapping class group Modg,1 of a surface with one marked point
can be identified with an index two subgroup of Aut(pi1Σg). For a surface of genus
g ≥ 2, we show that any action of Modg,1 on the circle is either semi-conjugate to
its natural action on the Gromov boundary of pi1Σg, or factors through a finite
cyclic group. For g ≥ 3, all finite actions are trivial. This answers a question
of Farb.
1. Introduction
Let Σg be an oriented surface of genus g ≥ 2, and let Γg denote pi1(Σg). The
Gromov boundary of Γg is a topological circle, on which the group Aut(Γg) of auto-
morphisms of Γg acts faithfully by homeomorphisms. Geometrically, this boundary
action of Aut(Γg) can be seen as follows. By the Dehn-Nielsen-Baer theorem, the
exact sequence Inn(Γg)→ Aut(Γg)→ Out(Γg) is isomorphic, term by term, to the
Birman exact sequence pi1(Σg) → Mod±g,1 → Mod±g of the extended mapping class
group of a surface with one marked point. Fixing a hyperbolic metric on Σg, the
universal cover Σ˜g can be identified with H2, which has a natural compactification
to a closed disc. Let x ∈ H2 be a lift of the marked point on Σg. For f ∈ Homeo(Σg)
fixing the marked point, let f˜ denote the unique lift of f to H2 that fixes x. Using
the fact that quasi-geodesics remain bounded distance from geodesics in negative
curvature, one can show that the action of f˜ on H2 extends to a homeomorphism of
the boundary circle, which depends only on the isotopy class of f . This procedure
gives a well-defined homomorphism Mod±g,1 → Homeo(S1), which under the iden-
tification Aut(Γg) ∼= Mod±g,1, is conjugate to the boundary action described above.
We call this conjugacy class of action the standard action of Aut(Γg) on S1.
The mapping class group Modg,1 consisting of isotopy classes of orientation-
preserving homeomorphisms is an index two subgroup of Mod±g,1; we let Aut+(Γg)
denote the corresponding subgroup of Aut(Γg). In [3, Question 6.2], B. Farb asked
whether any faithful action of Aut+(Γg) on S1 by homeomorphisms was necessarily
conjugate to the standard action described above. In fact one needs to be a little
more careful with the statement – rather than conjugacy, the appropriate notion of
equivalence for C0 actions on S1 is Ghys’ semi-conjugacy, described below, since any
action of an infinite group on S1 can be modified (for instance, using the classical
Denjoy trick) to produce non-conjugate, but semi-conjugate examples. Here we give
a positive answer to this version of Farb’s question.
Theorem 1.1. Let ρ : Aut+(Γg) → Homeo+(S1) be a homomorphism. Up to re-
versing the orientation of the circle, we have the following. If g ≥ 3, then ρ is either
trivial or semi-conjugate to the standard Gromov boundary action. If g = 2, then ρ
is either conjugate to a subgroup of Z/10Z acting by rotations, or is semi-conjugate
to the standard action.
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2 KATHRYN MANN AND MAXIME WOLFF
Actions conjugate to finite groups of rotations do indeed arise in the genus 2 case.
As shown by Mumford [17], the abelianization of Aut+(Σ2) is Z/10Z (Mumford
discusses Mod2, but the same is true of Mod2,1, which is also generated by Dehn
twists in simple closed curves. See [9].) Finite cyclic groups do act on S1 – necessarily
by an action conjugate to one by rigid rotations. Our theorem simply states that
any non-standard action factors through the abelianization. Note also that the
theorem immediately gives a corresponding statement for homomorphisms of the
larger group Aut(Γg) into Homeo(S1).
As asserted above, semi-conjugacy is also a necessary hypothesis. Following usage
of Ghys, two actions ρ1 and ρ2 : Γ → Homeo+(S1) are said to be “semi-conjugate”
if there exists an equivariant, cyclic order preserving bijection from some orbit of S1
under ρ1 to some orbit under ρ2. Note that this is not equivalent to the usual notion
of semi-conjugacy from topological dynamics. We suggest instead the term weakly
conjugate. Indeed, the condition given above is equivalent to the condition that
any continuous, conjugacy-invariant, real-valued map f on Hom(Γ,Homeo+(S1)),
satisfies f(ρ1) = f(ρ2), and the quotient of Hom(Γ,Homeo+(S1)) by this weak-
(or, following Ghys, semi-) conjugacy relation is the analog of the character variety
for linear representations of Γ. See [12] for a full discussion. However, as “weakly
conjugate” is not yet standard, we defer to tradition and use the term semi-conjugacy
in the remainder of the paper. In our situation, the standard action of Aut+(Σg)
is minimal, and applying the Denjoy trick produces a non-minimal, hence non-
conjugate action. Note, however, that any two minimal, semi-conjugate actions are
in fact conjugate.
As a consequence of Theorem 1.1, we can quickly recover and extend results of
Parwani [18] and of Farb and Franks [4] concerning the nonexistence of actions of
higher regularity.
Corollary 1.2. For g ≥ 3, any action of Aut+(Σg) on S1 by C1 diffeomorphisms
is trivial.
Parwani proved this statement under the additional assumption of genus at least
6, however his proof also applies to surfaces with boundary. Farb and Franks prove
the statement for g ≥ 3, but with C1 replaced by C2. They also are able to argue
for a larger class of groups. We give the proof of Corollary 1.2 in Section 3.
2. Proof of Theorem 1.1
Let g ≥ 2, and let ρ : Aut+(Γg) → Homeo+(S1) be a representation. The
strategy of the proof is to constrain the possible behavior of the restriction of ρ to
the surface subgroup Γg ∼= Inn(Γg) ⊂ Aut+(Γg). We will use the notation Aut+(Γg)
and Modg,1 interchangeably throughout the proof, depending on whether we prefer
to evoke Γg as an abstract group, or whether it is useful to remember the topology
of the surface Σg.
2.1. Action of the surface subgroup. Before embarking on the proof, we briefly
recall some standard material on rotation numbers and on the Euler number of a
representation. The group Homeo+(S1) fits in the exact sequence
0→ Z→ HomeoZ(R)→ Homeo+(S1)→ 1,
where HomeoZ(R) is the group of (orientation-preserving) homeomorphisms of R
which commute with integer translations. The translation number of an element
f ∈ HomeoZ(R) is defined by r˜ot(f) = limn→+∞ f
n(x)
n . This limit exists and is
independent of the choice of x ∈ R. For f ∈ Homeo+(S1), the (Poincaré) rotation
RIGIDITY OF MAPPING CLASS GROUP ACTIONS ON S1 3
number of f , denoted rot(f), is defined as the translation number of any of its lifts
to HomeoZ(R) modulo Z. It is easily verified that rot is conjugacy invariant, and
satisfies rot(f−1) = −rot(f).
Any representation ϕ : Γg → Homeo+(S1) can be assigned an integral Euler
number as follows: associated to ϕ, there is an S1-bundle over Σg given by the
quotient of Σ˜g×S1 by the diagonal action of Γg via deck transformations on Σ˜g and
ϕ on S1. The Euler number eu(ϕ) is the pairing of the Euler class of this bundle
with the fundamental class of Σg; it is (classically) the obstruction to a section of
the bundle. Following the interpretation of Milnor and Wood [16, 20] the Euler
number of ϕ can also be seen as the obstruction to lifting ϕ to a representation
into HomeoZ(R). This can be computed by understanding rotation numbers of
individual elements of ϕ(Γg), or more precisely, through the translation cocycle,
τ : Homeo+(S
1)× Homeo+(S1)→ R defined by (f, g) 7→ r˜ot(f˜ g˜)− r˜ot(f˜)− r˜ot(g˜).
That this cocycle takes values in [−1, 1] is the key to the Milnor-Wood inequality,
which states that |eu(ϕ)| ≤ 2g − 2 for any representation ϕ : Γg → Homeo+(S1).
One way to compute the Euler number of an action ϕ of Γg using rotation numbers
is to decompose Σg into pairs of pants, and then sum the contribution to the Euler
number coming from each pant. Suppose P ⊂ Σg is an embedded pants subsurface
with fundamental group 〈a, b, c | abc = 1〉 where a, b and c are freely homotopic to
the boundary curves of P . The surface P inherits an orientation from Σg, and we
require a, b and c to have the induced boundary orientation. We define eu(ϕ|P ) :=
τ(ϕ(a), ϕ(b)); this is invariant under cyclic permutations of a, b, c. Then the Euler
number of ϕ is simply the sum
∑
P∈P eu(ϕ|P ), where P is any pants decomposition.
We refer the reader to [6] for a general introduction to Euler classes. The definition
given here that applies to pants subsurfaces is a contribution of Burger, Iozzi and
Wienhard (see [1], formula (4.4) and Th. 4.6). The reader may also refer to [11,
Section 5] for a brief explanation and proof of well-definedness that avoids the use
of bounded cohomology.
While the discussion above was general, we now return to our assumption that ρ
is a representation of Aut+(Γg) in Homeo+(S1). Using a technical result from work
of the authors in [12], we prove a first lemma.
Lemma 2.1. If a is a nonseparating simple closed curve, then rot(ρ(a)) = 0.
Proof. It suffices to prove this for a single nonseparating simple closed curve, since
Modg,1 acts transitively on such curves, and so every nonsimple closed curve has the
same rotation number (up to multiplying by −1 to account for orientation). Let a
be a nonseparating simple closed curve. Since there is an involution of Σg that maps
a to its inverse, it follows that rot(ρ(a)) = rot(ρ(a−1)) = −rot(ρ(a)), so rot(ρ(a)) is
either 12 or 0.
Now suppose for contradiction that this common rotation number for nonseparat-
ing simple curves is 12 , and let a, b be standard generators of the fundamental group of
a subsurface T of Σg homeomorphic to a one-holed torus. Proposition 5.5 from [12]
gives a procedure to produce a simple closed curve c contained in T such that
0 ≤ |rot(ρ(c))| < 12 . But this contradicts the fact that rot(ρ(a)) = ±rot(ρ(c)). 
As a consequence, we have the following.
Corollary 2.2. The Euler number of ρ|Γg is either 0 or ±(2g − 2).
Proof. Let P1, P2, . . . , P2g−2 be an oriented pants decomposition of Σg such that
each boundary curve of each Pi is nonseparating. For i = 1, . . . , 2g − 2 let ai, bi, ci
be generators of the fundamental group of Pi with orientation inherited from Pi.
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(This is a slight abuse of notation, as we base all these curves at the same point
in Σg.)
By Lemma 2.1 and the above mentioned bound on τ , for each i we have that
eu(ρ|Pi) is either 0 or ±1. Since the boundary curves of Pi are nonseparating, for
each i there is an orientation-preserving homeomorphism fi of Σg sending Pi to P1.
It follows that the triples (ρ(ai), ρ(bi), ρ(ci)) are all conjugate in Homeo+(S1); with
(ρ(ai), ρ(bi), ρ(ci)) conjugate to (ρ(a1), ρ(b1), ρ(c1)) by the image of the mapping
class of fi under ρ. Hence the contributions of all Pi to the Euler number eu(ρ|Γg)
are all equal, and so their sum is either 0 or ±(2g − 2). 
To treat the case where eu(ρ) = ±(2g − 2) we use the following theorem of
Matsumoto.
Theorem 2.3 (Matsumoto [14]). If Γg acts on S1 with Euler number equal to ±(2g−
2), then the action is semi-conjugate to the boundary action given by embedding Γg
in PSL2(R) as a cocompact lattice.
The proof of this uses the translation cocycle defined above; a strategy for a more
elementary approach to the proof can be found in [15].
Lemma 2.4. If the Euler number of the restriction of ρ to Γg is nonzero, then up
to reversing orientation of the circle, ρ is semi-conjugate to the standard action.
Proof. Suppose that the Euler number of the restriction of ρ to Γg is nonzero. Then
ρ(Γg) does not have a finite orbit, and so there is a canonical minimal set for the
action (see e.g. [6, Prop. 5.6]). This is the unique closed, Γg-invariant set contained
in the closure of any orbit, on which Γg acts minimally. Let K ⊂ S1 denote the
minimal set. It is equal to S1 if the action is minimal, and homeomorphic to a
Cantor set if not.
Since Γg is normal in Aut+(Γg), the action of Aut+(Γg) on S1 preserves K.
Thus, K is a closed, invariant set on which Aut+(Γg) acts minimally, hence is the
minimal set for ρ. Up to semi-conjugacy, we may in fact assume that the action
of ρ is minimal. Precisely, if K happens to be a Cantor set, then let h : S1 → S1
be a continuous, surjective map that is injective on K and collapses each of its
complementary intervals to a point. The action of Γg descends naturally to an
action on h(S1) which is minimal and semi-conjugate to the original action. Thus,
going forward, we assume that ρ(Aut+(Γg)) acts minimally. As noted above (see
also [6]) minimality implies that the action of ρ(Γg) is conjugate to the standard
boundary action. We claim that this is enough to determine the action of Aut+(Γg)
up to conjugacy. Indeed, minimality of the action of Γg implies that the set of
attracting fixed points of hyperbolic elements of Γg represented by closed curves in
Σg is dense in S1. If x ∈ S1 is the attractor of some γ ∈ Γg represented by a closed
curve, then each ϕ ∈ Aut+(Γg) must necessarily have ρ(ϕ) map x to the (unique)
attractor of ϕ(γ) ∈ Γg. This determines the action of ρ(ϕ) on a dense set, hence
completely specifies it as a homeomorphism. 
The remainder of the proof of Theorem 1.1 consists of showing that the Euler
number of ρ|Γg is 0 only when ρ factors through the abelianization of Aut+(Γg).
2.2. Orbifold groups and their Euler numbers. Our motivation for the re-
mainder of the proof comes from the following observation.
Observation 2.5. Fix an embedding of Γg as a lattice in PSL2(R). If ∆ is a
Fuchsian group that normalizes Γg, then ∆ embeds faithfully into Aut+(Γg).
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Proof. This is just the observation that the centralizer of Γg in PSL2(R) is trivial,
because Γg is nonelementary. 
Thus, to get our hands on concrete elements of Aut+(Γg), we produce embed-
dings of Γg into PSL2(R) with large normalizers. These are constructed by realizing
Σg as a regular cover of a hyperbolic orbifold. To this end, we recall a few facts
about cocompact Fuchsian groups; the reader may refer to [8] for a general introduc-
tion. Any cocompact Fuchsian group Γ has a signature, of the form (g;m1, . . . ,mr),
corresponding to the presentation
Γ = 〈a1, b1, . . . , ag, bg, q1, . . . , qr | q1 · · · qr · [a1, b1] · · · [ag, bg] = qm11 = · · · = qmrr = 1〉.
Its covolume (the volume of the quotient H2/Γ) is given by the formula µ(Γ) =
2pi
(
2g − 2 +∑ri=1(1− 1mi )); and its orbifold Euler characteristic χ(Γ) is defined
to be −µ(Γ)/2pi. When r = 0 this is the fundamental group of a closed surface,
with the usual definition of Euler characteristic and hyperbolic volume. When r > 1,
such a group Γ should be thought of as the holonomy representation of a hyperbolic
surface with r cone points, of cone angles 2pimi . A (g;m1, . . . ,mr) orbifold is simply
the quotient of H2 by such a group Γ.
The definition of the Euler number of a representation Γg → Homeo+(S1) dis-
cussed above can be extended to representations of any orbifold group. As in the
case of representations of surface groups, one can form the quotient of H2×S1 by the
diagonal action of Γ; the result is not generally an S1-bundle, but rather a Seifert
fibered space. Seifert fibered spaces have associated Euler numbers; analogous to
the circle bundle case, the Euler number can also be thought of as the obstruction to
a Γ-invariant section of the projection H2 × S1 → H2. An equivalent definition can
be obtained by thinking of the cone points as topological boundary components and
using the definition from [1] of Euler number for representations of surfaces with
boundary, as was used in our pants-decomposition definition in Section 2.1.
Both the orbifold Euler characteristic and the Euler number are multiplicative
under covers. If ∆ ⊂ Γ is a finite index subgroup of index k, then χ(∆) = kχ(Γ)
(see eg [8, Th. 3.1.2]) and for any representation ρ : Γ→ Homeo+(S1), we also have
eu(ρ|∆) = k eu(ρ). The following observation follows quickly from the definition
(most easily from that given in [1]) and was used by Calegari in [2].
Observation 2.6. Let Γ have signature (g;m1, . . . ,mr), and let ρ : Γ→ Homeo+(S1)
be a representation. Then there exists m ∈ Z such that
eu(ρ) = m+
r∑
i=1
rot(ρ(qi))).
As such, there are situations when one can easily guarantee that the Euler number
of a representation is nonzero. There are two specific examples of this which we will
use in the sequel.
Example 2.7. The (0; 2, 2, 2, 2g) orbifold group has presentation
〈a, b, c, d | a2, b2, c2, d2g, abcd〉
and has Euler characteristic 1−g2g . If this group acts on the circle by homeomor-
phisms, and the action of d2 is nontrivial, then the Euler number of the action is
of the form k/2 + rot(d). As d2 acts nontrivially and d is finite order, we conclude
that rot(d) /∈ {12 , 0}, so the Euler number of the action is nonzero.
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Example 2.8. The (0; 3, 3, 4) orbifold group has presentation
〈a, b, c | a3, b3, c4, abc〉,
and has Euler characteristic −112 . If it acts on the circle by homeomorphisms and
the action of c is nontrivial, then the Euler number of the action is of the form
k/3 +m/4 for integers k,m with m 6= 0 mod 4, hence it is nonzero.
We conclude these preliminaries with a final (and well-known) ingredient for our
proof.
Lemma 2.9. Let Γ be an orbifold group of signature (g;m1, . . . ,mr), with the stan-
dard presentation given above, and let ϕ : Γ → G be a surjective homomorphism to
a finite group. Suppose that each finite order generator qi of Γ is mapped to an ele-
ment of G of order mi. Then ker(ϕ) is the fundamental group of a compact surface
of genus g given by the formula 2− 2g = χ(Γ)× |G|.
Proof. It is a classical standard fact that all finite order (i.e., elliptic) elements of
Γ are conjugate to some power of one of its finite order standard generators (see
eg [8, Th. 3.5.2]). Hence, it follows from the asumption that ker(ϕ) is torsion free.
As Γ is cocompact, and ker(ϕ) is finite index (of index |G|), the group ker(ϕ) is
cocompact as well, hence it is a surface group. The genus calculation follows from
multiplicativity of Euler characteristic under covers. 
2.3. Finishing the proof. We now apply the framework above to our situation,
finding normal genus g surface subgroups inside of the orbifold groups given in
Examples 2.7 and 2.8, and use this to conclude our proof.
Consider first the group given in Example 2.7, which has an (equivalent) pre-
sentation 〈a, b, c | a2, b2, c2, (abc)2g〉. Define a surjective homomorphism from this
group to the dihedral group 〈r, s | r2g, s2, srsr〉 of order 4g by
a 7→ rg,
b 7→ sr
c 7→ sr2−g,
so abc 7→ r. Since the standard, finite order generators a, b, c and d := (abc)−1 map
to elements of their respective orders, Lemma 2.9 states that the kernel K of this
morphism is a torsion free subgroup of index 4g, and the Euler characteristic of the
regular cover corresponding to the kernel is 4g(1−g2g ) = 2− 2g. Thus, we obtain Σg
as a regular cover of the (0; 2, 2, 2, 2g) orbifold.
Recall that ρ is assumed to be an action of Aut+(Γg) on S1. By Observation 2.5,
the (0; 2, 2, 2, 2g) orbifold group embeds in Aut+(Γg), with Inng ∼= Γg agreeing with
the kernel K of the homomorphism defined above. It follows from Example 2.7
and multiplicativity of the Euler number that if ρ(d) has order greater than 2, then
restriction of ρ to K also has nonzero Euler number. Thus, by Lemma 2.1, the Euler
number of the restriction of ρ this subgroup equals ±(2g − 2), so by Lemma 2.4 ρ
agrees with the standard action.
Thus, we have proved Theorem 1.1 under the additional hypothesis that ρ(d)2 6=
id. To remove this hypothesis, we use recent work of Lanier and Margalit on nor-
mally generating mapping class groups.
Theorem 2.10 (Lanier–Margalit [10]). Let g ≥ 2. Then every nontrivial, periodic
mapping class that is not a hyperelliptic involution normally generates the commu-
tator subgroup of Modg.
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Recall that the abelianization of Modg is trivial if g ≥ 3, and is Z/10Z if g = 2
(see e.g. [9]); hence these periodic mapping classes normally generate Modg if g ≥ 3.
The key step of Lanier–Margalit’s proof is as follows. Given any such periodic
mapping class f , they find simple closed curves α and β that intersect once, such
that the product of Dehn twists τατ−1β lies in the normal closure of f . (See [10,
Lemma 2.3].) This step can be carried out in exactly the same way in the group
Modg,1. Since such elements τατ−1β also generate the commutator subgroup of
Modg,1, the proof goes through verbatim and the conclusion of Theorem 2.10 holds
in this case as well.
Using this result, we may now quickly conclude our proof in the case of genus
g ≥ 3. In this case, the element d2 has order g ≥ 3 in Modg,1 ∼= Aut+(Γg), so is not
a hyperelliptic involution. Thus, if ρ(d)2 is trivial, the normal closure of d2 is in the
kernel of ρ as well, so by Theorem 2.10 ρ is trivial.
For the case of genus 2, the element d2 is the hyperelliptic involution of Σ2,
so the argument above does not immediately apply. So we work instead with the
group 〈a, b | a3, b3, (ab)4〉 from Example 2.8, following the same strategy. Define
a homomorphism ϕ from this group to the finite group SL2(F3) by ϕ(a) = ( 1 10 1 );
ϕ(b) = ( 1 01 1 ). This morphism is easily seen to be surjective, as ϕ(a) and ϕ(b)
are images of standard generators of SL2(Z) under the natural map to SL2(Z/3Z).
Lemma 2.9 again implies that the kernel of ϕ is a torsion free subgroup, hence
the fundamental group of a surface. Since the Euler characteristic of the (0; 3, 3, 4)
orbifold is −112 , and |SL2(F3)| = 24, this surface has genus 2, so by Observation 2.5,
we can identify the (0; 3, 3, 4) group with a subgroup of Aut+(Γ2).
Example 2.8 now implies that, if ρ : Aut+(Γ2) → Homeo+(S1) is such that the
Euler number of the restriction to the (0; 3, 3, 4) group is zero, then ρ(ab) = id.
Since ab has order 4, it is not the hyperelliptic involution, so Theorem 2.10 implies
that kernel of ρ contains the commutator subgroup of Aut+(Γ2), hence ρ factors
through its abelianization, Z/10Z. This completes the proof. 
3. Concluding remarks
Proof of Corollary 1.2. Let ρ : Aut+(Σg) → Diff1+(S1), where g ≥ 3. By Theo-
rem 1.1, ρ is either trivial or is semi-conjugate to the standard action (up to reversing
orientation).
Suppose for contradiction that ρ is a C1 action that is semi-conjugate to the
standard action. Let γ ∈ Γg be an element represented by a separating simple
closed curve c on Σg, so that one connected component of Σ r c has genus h ≥ 2.
Then the stabilizer of γ in Aut+(Σg) contains a copy of Mod1h, the mapping class
group of the genus h surface with one boundary component. Since the standard
boundary action restricted to this subgroup has a global fixed point, and since the
property of having a global fixed point is preserved under semi-conjugacy, it follows
that ρ(Mod1h) acts on S1 with a fixed point. Let x be a point on the boundary of
the fixed set of ρ(Mod1h). Since Mod
1
h has trivial abelianization (see e.g. [9]), the
linear representation obtained by taking derivatives at x is trivial. However, the
Thurston stability theorem [19] states that, if G is any finitely generated, nontrivial
group of germs of C1 diffeomorphisms at a point of a manifold, with trivial linear
part, then G admits a surjective morphism to Z. It follows that Mod1h (via its
image in the group of germs of diffeomorphisms at x) has a nontrivial morphism to
Z, contradicting the fact that its abelianization is trivial. 
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Remark 3.1. Our proof of Theorem 1.1 relied heavily on torsion elements, so does
not generalize to finite index subgroups of Aut+(Γg). However, quotients of finite
index subgroups of Modg,1 are not well understood, so one does not expect an
analogous result to follow along the same lines. For example, it is a long standing
question – or perhaps conjecture – of Ivanov [7] whether all finite index subgroups
of mapping class groups have trivial abelianization. (See [13] for a discussion on the
current status of the problem.) There are many non semi-conjugate actions of Zd
on the circle, for any d ≥ 1; for example, one may take representations into SO(2),
then their (semi)-conjuagcy classes are distinguished by rotation numbers. Thus,
any subgroup Γ ⊂ Aut+(Γg) with H1(Γ,Z) 6= 0 would have many nontrivial and
non-semi-conjugate actions on the circle.
Given the remark above the relevant remaining question is as follows.
Question 3.2. Is every faithful action of a finite-index subgroup of Aut+(Γg) on
S1 semi-conjugate to the standard action?
We hope to address this in future work.
Acknowledgements. The authors thank the Universidad de la República in Mon-
tevideo, Uruguay, for the hospitality during the workshop on Groups, Geometry
and Dynamics in July 2018. We are grateful to B. Farb and J. Lanier for helpful
comments, and Lanier for explaining that the proof of Theorem 2.10 generalizes
to surfaces with a marked point. K. Mann was partially supported by NSF grant
DMS-1606254.
References
[1] Marc Burger, Alessandra Iozzi, and AnnaWienhard. Higher Teichmüller spaces: from SL(2,R)
to other Lie groups. In Handbook of Teichmüller theory. Vol. IV, volume 19 of IRMA Lect.
Math. Theor. Phys., pages 539–618. Eur. Math. Soc., Zürich, 2014.
[2] Danny Calegari. Dynamical forcing of circular groups. Trans. Amer. Math. Soc., 358(8):3473–
3491, 2006.
[3] Benson Farb. Some problems on mapping class groups and moduli space. In Problems on
mapping class groups and related topics, volume 74 of Proc. Sympos. Pure Math. Amer. Math.
Soc., 2006.
[4] Benson Farb and John Franks. Groups of homeomorphisms of one-manifolds, I: actions of
nonlinear groups. 2001. Preprint. arXiv:math.0107085.
[5] Étienne Ghys. Groupes d’homéomorphismes du cercle et cohomologie bornée. In The Lefschetz
centennial conference, Part III (Mexico City, 1984), volume 58 of Contemp. Math., pages 81–
106. Amer. Math. Soc., 1987.
[6] Étienne Ghys. Groups acting on the circle. Enseign. Math. (2), 47(3-4):329–407, 2001.
[7] Nikolai Ivanov. Fifteen problems about the mapping class group. In Problems on mapping
class groups and related topics, volume 74 of Proc. Sympos. Pure Math. Amer. Math. Soc.
[8] Svetlana Katok. Fuchsian groups. Chicago Lectures in Mathematics. University of Chicago
Press, 1992.
[9] Mustafa Korkmaz. Low-dimensional homology groups of mapping class groups: a survey.
Turkish J. Math, 26(1):101–114, 2002.
[10] Justin Lanier and Dan Margalit. Normal generators for mapping class groups are abundant.
2018. Preprint. arXiv:1805.03666 [math.GT].
[11] Kathryn Mann and Maxime Wolff. A characterization of Fuchsian actions by topological
rigidity. 2017. arXiv:1711.05665 [math.GT].
[12] Kathryn Mann and Maxime Wolff. Rigidity implies geometricity for surface group actions on
the circle. 2017. arXiv:1710.04902 [math.GT].
[13] Dan Margalit. Problems, questions and conjectures about mapping class groups. 2018.
arXiv:1806.08773v1 [math.GT].
[14] Shigenori Matsumoto. Some remarks on foliated S1 bundles. Invent. Math., 90:343–358, 1987.
RIGIDITY OF MAPPING CLASS GROUP ACTIONS ON S1 9
[15] Shigenori Matsumoto. Basic partitions and combinations of group actions on the circle: A
new approach to a theorem of Kathryn Mann. Enseign. Math., 62(1/2):15–47, 2016.
[16] John.W. Milnor. On the existence of a connection with curvature zero. Comment. Math. Helv.,
32:215–223, 1958.
[17] David Mumford. Abelian quotients of the teichmüller modular group. J. Analyse Math.,
18:227–244, 1967.
[18] Kamlesh Parwani. C1 actions of the mapping class group on the circle. Algebraic & Geometric
Topology, 8(2):935–944, 2008.
[19] William Thurston. A generalization of the Reeb stability theorem. Topology, 13:347–352, 1974.
[20] John W. Wood. Bundles with totally disconnected structure group. Comment. Math. Helv.,
51:183–199, 1971.
Department of Mathematics, Brown University, 151 Thayer Street, Providence,
RI 02912, USA
E-mail address: mann@math.brown.edu
Sorbonne Universités, UPMC Univ. Paris 06, Institut de Mathématiques de Jussieu-
Paris Rive Gauche, UMR 7586, CNRS, Univ. Paris Diderot, Sorbonne Paris Cité,
75005 Paris, France
E-mail address: maxime.wolff@imj-prg.fr
